The quantum speed limit sets a bound on the minimum time required for a quantum system to evolve between two states. For open quantum systems this quantity depends on the dynamical map describing the time evolution in presence of the environment, on the evolution time τ , and on the initial state of the system. We consider a general single qubit open dynamics and show that there is no simple relationship between memory effects and the tightness of the quantum speed limit bound. We prove that only for specific classes of dynamical evolutions and initial states, there exists a link between non-Markovianity and the quantum speed limit. Our results shed light on the connection between information back-flow between system and environment and the speed of quantum evolution.
I. INTRODUCTION
The idea of the possible existence of a fundamental limit, dictated by the principles of quantum mechanics, for the speed of evolution of quantum states was firstly discussed in Ref. [1] . In that paper, Mandelstam and Tamm derived a quantum speed limit (QSL) from the Heisenberg energy-time uncertainty relation. Specifically, they showed that the evolution time is bounded by the variance of energy as τ M T ≥ h/4∆E. More recently, Margolus and Levitin studied the QSL in connection to the maximal rate of computation possible for a computer [2] . In this case, the QSL was calculated as the minimum time for a quantum system to evolve from a pure initial state to some orthogonal pure state, using a one dimensional harmonic oscillator as an example. The authors showed that the minimum time is related to the total energy of the system as τ M L ≥ h/4E. These two bounds are unordered, and therefore in the literature the QSL is defined as the maximum between these two quantities.
The results of Refs. [1, 2] were generalized to include cases where the evolved state is not orthogonal to the initial state in Ref. [3] . Moreover, in addition to the previous definitions valid for closed quantum systems, several authors proposed different generalizations to open quantum systems applicable for both Markovian and nonMarkovian dynamics [4] [5] [6] . Nowadays, QSLs are investigated in connection to a number of topics, from quantum metrology to quantum computation, from quantum control to quantum thermodynamics, as reviewed, e.g., in Ref. [7] . Contrarily to what was initially believed, speed limits are not an exclusive property of quantum systems, namely they do not arise uniquely because of quantum features. Indeed, they can be derived also for classical systems, without assuming any quantum properties, such as commutation relations, as shown recently in [8] and [9] .
In this paper we focus on the geometric formulation of the quantum speed limit given in Ref. [4] . We are specifically interested in clarifying the connection between the QSL bound and the presence or absence of memory effects, described in terms of information backflow [10] . Following Ref. [4] , this aspect has been further investigated, elaborating on the claim that the QSL is smaller when the dynamics is non-Markovian, potentially speeding up the evolution [11, 12] . These authors showed analytically that, for a specific model of open quantum system dynamics, the ratio between the QSL and the actual evolution time, τ QSL /τ , is 1 when the system is Markovian, and is smaller than 1 when it is non-Markovian. Their result suggests that in the Markovian case the dynamics saturates the bound, giving the most efficient evolution, whereas in the non-Markovian case the actual limit can still be lower than the evolution time. The explicitly derived dependency between QSL and non-Markovianity has proven useful in several applications [13] [14] [15] [16] [17] [18] . Our main goal is to tackle the question of the connection between non-Markovianity and the quantum speed limit not starting from a specific model but in full generality, looking in detail at the role played by the dynamical map, the evolution time τ , and the initial state, in the achievement of the QSL bound. We show that, for the most general cases, there is no simple connection between the Markovian to non-Markovian crossover and the QSL. Under certain more restrictive assumptions, however, we can characterize families of one-qubit dynamical maps for which the QSL speed-up coincides with the onset of non-Markovianity, as indicated by the Breuer-Laine-Piilo (BLP) non-Markovianity measure [10] . For these families we derive analytical formulas for the QSL as a function of the BLP measure. Our results also show that, for a given open quantum system model, both the evolution time τ and the initial state play a key role and cannot be overlooked when making claims on the QSL. As an example, we generalise results in [4] to a broader set of pure initial states, and show that the QSL bound is sat-urated only for very few initial states even in the fully Markovian case.
The paper is structured as follows. In Section II we briefly present the formalism of open quantum systems and recall the common mathematical definitions of QSL. In Section III we present the Jaynes-Cummings model used in [4] and discuss briefly their results concerning non-Markovianity and quantum speed-up. In Section IV we study how the actual evolution time affects the QSL for the same Jaynes-Cummings system. In Section V, we calculate the general conditions for the QSL optimal dynamics, and study the connection between BLP non-Markovianity and QSL. In Section VI we study the initial state dependence of the QSL for the Markovian dynamics arising from Pauli and phase-covariant master equations. In Section VII we study the effects of Markovian to non-Markovian transition to QSL using a specific phase-covariant system as an example. In Section VIII we summarize the results and discuss their implications.
II. QUANTUM SPEED LIMIT, NON-MARKOVIANITY, AND OPEN QUANTUM SYSTEMS
An open quantum system is a system (S) interacting with another system, the environment (E). Commonly the dynamics of E is not interesting, and one concentrates only on how S changes in time. In our case the system of interest is a single qubit. According to the theory of open quantum systems, the reduced dynamics of the qubit is given by ρ S (t) = Φ t (ρ S (0)) = tr E [U † SE (t)ρ SE (0)U SE (t)], where ρ S (t) is the reduced state of the system, Φ t the dynamical map, ρ SE (0) the initial combined system-environment state, U SE (t) the unitary time evolution of the combined system, and tr E [ · ] the partial trace over the environment.
We call a map k-positive, if the composite map Φ t ⊗I k , where I k is the identity map of a k-dimensional ancillary Hilbert space, is positive for all t ≥ 0. If a map is 1-positive, that is k = 1, we call it a positive (P) map. If the map is k-positive for all k ≥ 0, then we call the map completely positive (CP). Furthermore, a map is called CP-divisible (P-divisible), if, for any two time instants s and t, with s ≥ t ≥ 0, the map can be written as
where the propagator V s,t is completely positive (positive).
The explicit models of dynamics in this paper are generated by a time-local master equation:
where H is the system Hamiltonian, γ i (t) the timedependent decay rates, and A i the Lindblad operators. The solution for the master equation gives the time evolution of the state in the form of a dynamical map, Φ t (ρ(0)) = ρ(t). The GKSL theorem states, that for non-negative decay rates, that is γ i (t) ≥ 0, the resulting map is a always completely positive and trace preserving (CPTP) [19] [20] [21] . CPTP is an important property, since it guarantees the physicality of the dynamical map. The example dynamics considered in this paper arise from two very general families of master equations, namely the phase-covariant master equation [22] [23] [24] [25] :
and the Pauli master equation [26] :
where σ 1 , σ 2 and σ 3 are the Pauli x, y, and z matrices respectively and σ ± = 1 2 (σ 1 ± iσ 2 ). To study the effects of non-Markovianity, we employ the well-known BLP measure [10] , defined as
| is the trace distance between ρ 1 (t) and ρ 2 (t) and the maximum is taken over all possible initial states, and the integral is calculated over t ∈ (0, τ ). In this case, for N > 0, the nonMarkovianity is related to the amount of information flowing black to the system, quantified by the increase in distinguishability between the states. In terms of the dynamical map, this implies violation of P-divisibility.
The generalized quantum speed limit is defined as [4] 
with L(ρ 0 , ρ τ ) the Bures angle between the states ρ 0 and ρ τ , defined as
where
2 is the fidelity between the two states, which for pure initial state ρ 0 = |ψ 0 ψ 0 | simplifies to
We have denoted
where xx is either op, tr or HS for operator, trace, and Hilbert-Schmidt norm respectively. It can easily be shown, using the definitions
where s i are the singular values of L t ρ t , that the operator norm always maximizes Eq. (6), and thus the quantum speed limit can be written as
III. DAMPED JAYNES-CUMMINGS MODEL
For the sake of concreteness we begin our investigation with a simple paradigmatic open quantum system model, extensively studied in the literature, which is a special case of the phase-covariant master equation given in (3). This allows us to recall the results previously obtained in Ref. [4] . We will then proceed to generalize these results along different lines, using this model for benchmarking.
The model considered is the resonant damped JaynesCummings (JC) model, which can be obtained through an exact microscopic derivation from a total Hamiltonian describing a two-level system interacting with an infinite bosonic environment, e.g., the quantized field inside a leaky cavity. The dynamics of the two-level system is given by the master equation [27] 
with
where d = λ 2 − 2γ 0 λ, λ is the spectral width of the reservoir (hereafter assumed to be Lorentzian), and γ 0 is the coupling strength between the qubit and the cavity field. The solution to this system can be given in the following form
where ρ 11 corresponds to the excited state, and
In [12] it was numerically shown that for the map of Eq. (16) the eigenstates |0 0| and |1 1| of σ 3 , are the optimal pair of states for the BLP measure. The trace distance for this pair is D(Φ t (|0 0|), Φ t (|1 1|)) = |b t | 2 , and so the BLP measure takes the form
Following the calculations of Ref. [12] , we can isolate the positive part of the integral by writing the integrand as
. Now the BLP measure can be written as an integral of the interval [0, τ ] as
Choosing the initial state as |1 1|, the operator norm for the JC model becomes
Using Eqs. (19) and (20), and the identity sin 2 (arccos(f (t))) = 1 − f (t) 2 , we can write the QSL time as:
This equation suggests that the saturation of the QSL bound is strictly a feature of Markovian dynamics, since any dynamics with N (Φ JC τ ) > 0 results in lower than optimal QSL. However, as we will show in the following, this consideration is valid only for dynamics described by Eq. (16) and it cannot be used to describe QSL for other initial states. In what follows, we will generalize Eq.(21), firstly derived in Ref. [12] , to a larger class of qubit dynamics and show that it does not hold in general. We also consider the QSL optimality of pure initial states which do not maximize the BLP measure.
IV. EVOLUTION TIME DEPENDENCE OF τQSL/τ
In this short section we show the dependence of the τ QSL on the choice of the evolution time. More specifically we will see that τ QSL is not monotonically dependent on τ in the non-Markovian region.
In Fig. 1 we show the bound τ QSL /τ as a function of the coupling constant γ 0 , for different choices of τ . It is immediate to see that the QSL depends noticeably on the chosen evolution time on short intervals and that the QSL as a function of τ is not monotonic. The plateau of τ QSL /τ = 1 in the non-Markovian regime of γ 0 > γ crit 0 space is explained by the dynamics and the direct dependence of the BLP-measure and the τ QSL /τ in Eq. (21): if the time interval is chosen so short that the dynamics exhibit no recoherence, the BLP-measure is zero, and thus τ QSL /τ = 1. 
V. CONNECTION BETWEEN BLP NON-MARKOVIANITY AND QSL
As seen in Sec. III, there exists a connection between the values of the BLP non-Markovianity and QSL for the Jaynes-Cummings model: τ QSL /τ is a simple function of the BLP measure and τ QSL /τ = 1 if and only if the dynamics is BLP Markovian. To generalize this result to other dynamical maps, we first solve the general requirements for an optimal QSL evolution.
We can analytically solve the optimal initial states, leading to τ QSL /τ = 1. Trivially, for a pure initial state ρ 0 = |ψ 0 ψ 0 |, we have ψ 0 | ρ 0 |ψ 0 = 1, and thus 1 − ψ 0 | ρ τ =0 |ψ 0 = 0. The QSL is reached for all τ ∈ [0, τ ) if and only if,
Since these equations form an equivalent chain, it suffices to study when the simpler condition (24) is satisfied. For a qubit system, Eq. (24) is equivalent to
where ψ ⊥ 0 denotes the state orthogonal to ψ 0 . To further study the qubit case, we write the general Bloch vector dynamics r(t) as
We fix the basis, so that {|ψ
T , is the optimal pair of initial states for the BLP-measure. The results of [28] guarantee that the optimal pair of initial qubit states maximizing the BLP measure can always be chosen as an orthogonal pair of pure states. Based on Eqs. (26) and (27), we can study the relationship between BLP-measure and τ QSL /τ more generally. In the following, we divide the set of all one-qubit dynamical maps into subsets illustrated in Fig. 2 and analyze the connection between BLP nonMarkovianity and tightness of the QSL bound.
A. Coherence-increasing and coherence non-increasing maps
If the coherences between |ψ + 0 and |ψ Fig. 2 A, Eq. (26) is violated. If the violation occurs at t = 0, we have τ QSL /τ < 1 for all times τ ≥ 0. Furthermore, positivity of the dynamical map requires that the BLP non-Markovian behaviour does not begin at τ = 0, so τ QSL /τ < 1 already in the Markovian region, and thus τ QSL /τ does not critically depend on the BLP-measure. The same reasoning holds for all cases where the coherences increase at any time before the non-Markovian effects take place.
For the initial state given by the Bloch vector r(0) = (0, 0, ±1) T , the dynamical map does not increase the coherences between |ψ + 0 and |ψ − 0 , and Eq. (26) is satisfied if and only if x(t) = y(t) = 0 and z(t) = g(t)z(0) + h(t). This class of dynamics corresponds to Fig. 2 B. For such dynamics, τ QSL /τ can be written as
is the fidelity between the initial state and the evolved state at time τ and 
2. Summary of quantum speed limit time as a function of BLP non-Markovianity and fidelity between initial and evolved states of all CPTP dynamical maps for one-qubit systems: Each set of dynamical maps A-D is characterized by the underlined condition(s) in bold text. Each condition has to be satisfied for all times t ∈ [0, τ ), unless stated otherwise, as in A and C. In B the upper and lower signs in ± and ∓ correspond to the choices of initial states z(0) = +1 and z(0) = −1, respectively. The subset inherits the condition(s) of its superset. The inclusion hierarchy of the sets is the following:
For brevity, we have omitted the explicit time dependence of
dt is the sum of temporal revivals of fidelity between the initial and evolved states ψ0 and ρτ , and Nτ = N (Φτ ) is the BLP non-Markovianity of the dynamical map. In A, the QSL bound is not always reached with the optimal initial states of the BLP measure even though the dynamics would be Markovian w.r.t. the measure. This means that the relation between τQSL/τ and non-Markovianity becomes complicated and the role of BLP measure is not critical for tightness of the bound. For the set B, we see that τQSL/τ can be expressed in terms of the fidelity between the initial state ψ0 and the evolved state ρτ and its total temporal revivals Fτ . We note that after the first revival of fidelity, τQSL/τ decreases if ρτ becomes more similar with ψ0 and it increases when ρτ and ψ0 become less similar in terms of fidelity. In C (i) and (ii), we see how τQSL/τ depends explicitly on the non-Markovianity: BLP Markovianity implies tightness of QLS bound. We note that if g(τ ) ≥ 0, we get τQSL/τ = 1 ⇔ N (Φτ ) = 0. For their subsets C (iii) and (iv), we see that the result of g(τ ) ≥ 0 still holds, but surprisingly when g(τ ) < 0 the condition is expanded into τQSL/τ = 1 ⇔ N (Φτ ) = |g(τ )|. This means, that tightness of the QSL bound does not guarantee BLP Markovianity in cases where the behavior of both g(t) and h(t) is monotonic ∀ t ∈ [0, τ ). As special cases, C (ii) contains the Jaynes Cummings model and the whole set of commutative phase-covariant dynamics. D is the set of all CPTP unital one-qubit-maps which satisfy the condition of B. As in the case of C (iii) and (iv) we see that τQSL/τ = 1 ⇔ N (Φτ ) = 0 when g(τ ) ≥ 0 and
When the fidelity between the initial and evolved states increases, τ QSL /τ decreases and vice versa. Also, τ QSL /τ = 0 if and only if there has been increase of the fidelity and ρ τ = ψ 0 . As we will see in the following, τ QSL /τ = 1 is not equivalent to N (Φ τ ) = 0, due to h(t) dependence of F(ρ τ , ψ ± 0 ), and in some cases, N (Φ τ ) > 0 does not lead to τ QSL /τ < 1.
In the following subsections, we will study some relevant subclasses of the coherence non-increasing maps and derive the explicit dependency between τ QSL /τ and the BLP measure.
B. Pairwise oscillating translation and deformation
Let us concentrate here on the cases of Fig. 2 C (i) and (ii), where the translation always either increases or decreases when the deformation increases and vice versa. First, assuming Fig. 2 C (i) , Eq. (32) becomes
meaning that the BLP measure is independent of the translation h(t), unlike the QSL. When N (Φ τ ) = 0, we have g(t) ≥ 0, h(t) ≤ 0, and In the special case Fig. 2 
, the BLP dependency can be broken into two cases based on the sign of g(τ ): If g(τ ) ≥ 0, the QSL can be written as
and thus τ QSL /τ = 1 ⇔ N (Φ τ ) = 0. However, if g(τ ) < 0, QSL becomes
and we see that N (Φ τ ) = 0 does not imply optimal evolution in general, but τ QSL /τ = 1 ⇔ N (Φ τ ) = |g(τ )|, instead. Thus, in this case we have optimal evolution even if the dynamics is non-Markovian. Fig. 2 C (ii) , Eq. (32) yields to
and we obtain the same dependency between tightness of the QSL bound and non-Markovianity (see Fig. 2 C (ii)  and (iv) ).
C. Unital maps
The considerations made above hold for generic translations, including the non-unital cases h(t) = 0. Now, we restrict to the unital maps in Fig. 2 D, characterized by h(t) = 0 ∀t ≥ 0, for which Eq. (32) becomes
We note that Eq. (38) can be written as
if and only if g(τ ) ≥ 0. This means exactly the same dependence on the BLP-measure as in the case of Eq. (21) if g(τ ) ≥ 0. If instead g(τ ) < 0, we can write the QSL as
which leads to τ QSL /τ = 1 ⇔ N (Φ τ ) = |g(τ )|, implying optimal evolution for non-Markovian dynamics. This means that if N (Φ t ) = 0 still when g(t) becomes negative, τ QSL /τ begins to decrease exactly when the nonMarkovian behavior ends, which is the opposite of what happens in the Jaynes-Cummings model. In the above considerations, we assumed that ψ + 0 and ψ − 0 are the optimal initial states maximizing the BLP measure. But even if the initial states were not the optimal pair, all the above analysis would still hold. The only exception would be that N (Φ τ ) would just quantify information backflow in terms of increased distinguishability of these sub-optimal states, thus losing the exact interpretation of BLP measure of non-Markovianity. We will conclude this section with an example class of dynamics belonging to Fig. 2 C (ii) .
D. Example: phase-covariant commutative dynamics
As an example, we use the phase-covariant system of Eq. (3) which does not increase coherences between |0 and |1 [25] . For the commutative class of phasecovariant dynamics, that is when γ 1 (t) = γ(t) and γ 2 (t) = κγ(t), with 0 ≤ κ ≤ 1, the functions g(t) and h(t) have the form
we can write Eq. (37) for this system as
If
. Since the derivatives of g(t) and h(t) change sign at the same time, the sign of 
VI. INITIAL STATE DEPENDENCE OF QSL FOR MARKOVIAN MASTER EQUATIONS
To continue the generalization of our results, we now take a complementary perspective: instead of looking at the connection between the values of the BLP nonMarkovianity measure and the QSL, we focus on the families of initial states leading to saturation of the quantum speed limit time in the Markovian case. The results of Deffner and Lutz suggest that Markovian dynamics results always in optimal time, that is τ QSL /τ = 1, for the Jaynes-Cummings system. For some pure initial states this is true, but not for all, when looking at more general Markovian master equations.
A. Phase-covariant
Here we study the dynamics described by the master equation of Eq. (3). We notice that the phase difference between |0 and |1 does not have any significant role, in the phase covariant master equation, with respect to the QSL. Thus we parametrize the initial state as ρ 0 = |ψ 0 ψ 0 |, where |ψ 0 = √ a |1 + √ 1 − a |0 . Now, we Optimal initial states at a = 0 and a = 1. The local maximum near a = 1/2 is affected by the balance between γ1 and γ2, in this case, γ2 > γ1 placing the maximum closer to a = 1. If γ1 = γ2, this coincides with the Pauli channel and the optimal states are found at a = 0, a = 1, and a = 1/2. Generally the value of τQSL/τ is not constant w.r.t. τ in regions where τQSL/τ < 1.
The red highlights represent the points where τQSL/τ = 1.
characterize the set of initial states leading to τ QSL /τ = 1 for all τ ≥ 0 by using (24), which becomes:
We see, that for the phase covariant master equation with constant positive decay rates, we have τ QSL /τ = 1 ∀ τ ≥ 0 if and only if a = 0 or a = 1. We emphasize, that these are not stationary states, but initial states that always evolve with the optimal QSL time. If we restrict to the unital case γ 1 = γ 2 with ω = 0, also the initial state a = 1/2 leads to τ QSL /τ = 1 ∀ τ ≥ 0. We note that τ QSL /τ = 1, ∀a ∈ [0, 1] if and only if γ 1 = γ 2 = 2γ 3 . In this case, the dynamical map is of the depolarizing form
where p(t) ∈ [0, 1], with p(0) = 0. Fig. 3 shows the initial state and τ dependence of the phase-covariant master equation for γ 1 = 1, γ 2 = 2, γ 3 = 3. Again, we see, that the optimal points are found at a = 0 and a = 1, that is diagonal pure states w.r.t. the {|0 , |1 } basis, while all other states fail to reach the limit.
B. Pauli channel
Now, we consider the system described by the master equation of Eq. (4). The unital case of the phasecovariant master equation, that is when γ 1 = γ 2 , coincides with the Pauli channel, with the same decay rates. However, the general Pauli channel covers a larger set of dynamics than the unital phase-covariant, such as bit-flip and bit-phase-flip channels.
As for the phase-covariant model, we can analytically derive the optimal states using Eq. (24) . The resulting condition is:
We see, that the QSL is reached ∀t ≥ 0, with a = 0, a = 1, and a = 1/2. Similarly to the case of phase-covariant master equation, by choosing γ 1 = γ 3 , τ QSL /τ = 1, ∀a ∈ [0, 1]. By extending the initial states to cover all pure states, |ψ 0 = a |0 + e iθ √ 1 − a |0 , we get τ QSL /τ = 1 for all θ ∈ [0, 2π] and a ∈ [0, 1], when γ 1 = γ 2 = γ 3 . Fig.  4 shows the initial state dependence of QSL for Pauli channel with γ 1 = 1, γ 2 = 2, γ 3 = 3.
C. Eternal non-Markovianity
The eternal non-Markovianity model is interesting in this context since it is always completely positive and non-CP-divisible (γ 3 (t) < 0 ∀t > 0), but at the same time BLP-Markovian. The eternally non-Markovian master equation has the form [29] :
The condition for reaching the QSL in this case is given by
for which the solutions are a = 0, a = 1, and a = 1/2. Since the eternally non-Markovian model is a special case of the phase-covariant commutative master equation, with κ = 1 and translation h(t) = 0, we can compare the results of this analysis with the ones derived in Sec. V. We see, that the analytical results in Sec. V are in full agreement with this approach.
VII. THE EFFECT OF MARKOVIAN-TO-NON-MARKOVIAN TRANSITION IN QSL TIME
We now study the Markovian to non-Markovian transition using the results reported in Ref. [25] . We choose γ 1 (t), γ 2 (t), and γ 3 (t) and pinpoint the times at which a transition happens in the {γ 3 (t), γ (t)}-space, where γ (t) ≡ γ 1 (t) + γ 2 (t), without calculating explicitly any non-Markovianity measures. Thus, we avoid the initial state optimization required for the BLP-measure.
As an example, we will use the phase-covariant master equation, with the following decay rates:
Since the master equation is in the Lindblad form and γ 3 (t) can have negatives values, we know that this dynamics is not CP-divisible, but is still CPTP according to the results of [22] . The condition for optimal evolution from Eq. (24) for this system is
where e 1 (t), f (t), and k(t) are non-zero time dependent, but not a dependent functions. Equation (51) has solu- tions at a = 0 and a = 1. For the case a = 1/2, the condition becomes e 2 (t) 4 1 + 4 cos(t) + sin(t)
where e 2 (t) is a non-zero time-dependent, but not a dependent function. We notice, that the condition is satisfied, when 1 + 4 cos(t) + sin(t) ≥ 0, but broken elsewhere. Thus, violation of 1 + 4 cos(t) + sin(t) ≥ 0 implies τ QSL /τ < 1. According to [25] , this dynamical map is BLP non-Markovian if and only if γ 1 (t)+γ 2 (t)+4γ 3 (t) < 0 which in this case is equivalent to 1 + 4 cos(t) + sin(t) < 0. So, we see that for a = 1/2 BLP non-Markovianity begins exactly at the same time as τ QSL /τ starts to decrease. In Fig. 6 we see the initial state and evolution time dependence of τ QSL /τ . We see that the initial state with a = 1/2 is an optimal state up to τ = 2 arctan(5/3). We note, that while the system is BLP non-Markovian, the optimal states a = 0 and a = 1 remain optimal. Fig. 7 shows how the change of τ affects τ QSL /τ for a = 1/2. We see that τ QSL /τ = 1 until τ = 2 arctan(5/3). We also notice, that at τ = 3π/2, that is when γ 1 (t), γ 2 (t)γ 3 (t) ≥ 0 again, τ QSL /τ starts to increase. This is in accordance with Eq. (32): When γ 3 (t) is positive, ρ τ becomes less similar with ψ 0 as τ increases. Thus, F (ρ τ , ψ 0 ) decreases and as a consequence τ QSL /τ increases.
VIII. CONCLUSIONS
In this paper, we have studied the connection between the quantum speed limit, the evolution time, non- Fig. 8 between τ = 0 and τ = 6. We see that τQSL/τ = 1 until τ = 2 arctan(5/3), when the dynamics becomes BLP nonMarkovian (see Fig. 8 ). When the decay rates become positive again, that is at τ = 3π/2, we see, that the QSL starts increasing again. The lines representing the non-Markovianity conditions are: γ (t) − 4γ3(t) = 0 (Blue), γ (t) − 2γ3(t) = 0 (orange), and γ (t) = 0 (green). The figure shows, that the measures of non-Markovianity connected to the blue line are critical for τQSL/τ in this model, but the ones described by the orange line are not. For more details see Ref. [25] .
Markovianity, and the initial state for a qubit system undergoing generic and several large sub-classes of dynamics. We have derived general conditions for the optimal QSL bound, that is when τ QSL /τ = 1, for a general qubit system, and studied some more special cases. Using these conditions, we studied the link between BLP nonMarkovianity and QSL. We found, that in some cases, it is possible to generalize the results of [12] by showing that the QSL depends directly on the BLP measure. In general the connection becomes more complicated: We characterized classes of dynamics where the BLP Markovianity does not imply τ QSL /τ = 1, and even cases where the QSL bound is tight for non-Markovian dynamics.
We have also shown that the QSL bound in an open qubit system is not tight for all pure initial states, even in purely Markovian systems. We analytically solved the optimal initial states leading to τ QSL /τ = 1 ∀ τ ≥ 0 in dynamical semigroups rising from phase-covariant and Pauli master equations. We also studied the initial state dependence for example dynamics violating CPdivisibility. For all of the dynamical maps considered, the bound can be reached for a very few initial pure states, except for depolarizing dynamics.
Finally, we have analyzed the behaviour of the QSL across the Markovian to non-Markovian crossover, and found out that the tightness of the bound is clearly connected to the crossover in the example considered. In the non-Markovian region of the {γ , γ 3 }-space, the QSL starts to decrease. Conversely, when the dynamics becomes Markovian again, the QSL starts to increase but does not return to the optimal value τ QSL /τ = 1. These results are in full accordance with our results concerning the connection between BLP non-Markovianity and QSL bound.
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